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Abstract. Superconductors put into rotation develope a spontaneous internal magnetic field (the “London
field”). In this paper Ginzburg Landau equations for order parameter, field, and current distributions for
superconductors in rotation are derived. Two simple examples are discussed: the massive cylinder and the
“Little and Parks geometry”: a thin film of superconducting material deposited on a cylinder of normal
material. A dependence of T, on rotational frequency is predicted. The magnitude of the effect is estimated

and should be observable.

PACS. 74.20.De Phenomenological theories (two-fluid, Ginzburg-Landau, etc.) — 74.25.Bt Thermodynamic

properties — 74.25.Ha Magnetic properties

1 Introduction

Perfect electric conductivity and perfect diamagnetic sus-
ceptibility (Meissner effect) are the most striking macro-
scopic quantum phenomena in superconductors. Another
consequence of superconductivity is the spontaneous ap-
pearance of a magnetic field inside the bulk of the su-
perconductor — even without external field — if the super-
conductor is put into rotation. This phenomenon is not so
well known and studied as the other two and its details are
still subjects of active research. We discuss ideal sample
shapes: cylinders or spheres. If rotated around their axis
a spontaneous magnetic field inside the superconductor
(usually called the “London field”) is created:

B, =225 (1)
(&

where w is the angular velocity, —e the electron charge,
m its bare mass, and c is the velocity of light. Instead of
expelling external magnetic fields from its interior as is
the case in the Meissner effect, here the superconductor
creates an internal field without an external field. Equa-
tion (1) does not contain material dependent parameters
and applies to bulk superconductors (traditional as well
as high T¢), the dimensions of which are large compared
to the London penetration depth. A further requirement
for its applicability is that the rotational velocity is low,
such that the field B is smaller than the lower critical field
and no vortices appear. Even slightly before the discovery
of the Meissner-Ochsenfeld effect in 1933 Becker, et al. [1]
predicted that a sphere of a perfect conductor put into ro-
tation would generate a magnetic field of the correct size
as given in equation (1). London arrived at the same con-
clusion based on the analysis of the London equations in
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the rotating frame of reference [2]. The basic cause for the
effect is contained in the following qualitative arguments:
Let 1 be the superconducting order parameter, which we
can interpret as the macroscopic wave function for Cooper
pairs,

¥ = || exp{io}; ps = [v]? (2)

ps being their density; —2e is their charge, and 2m their
bare mass (later on an effective mass will be defined as
well). The momentum operator ps for Cooper pairs and
their velocity operator vy are related by

2
2mvs = ps + ;A (3)

where A is the vector potential (B = rot A). Without ex-
ternal magnetic fields and without rotation the phase ¢ of
the macroscopic wave function ¢ can be taken to be con-
stant, A vanishes (we use the “London” gauge divA = 0
throughout) and the operator ps = %/i-V can be put equal
to zero. Under rotation a magnetic field will appear, but
for low rotational velocities the macroscopic wave function
will remain stiff, that is will not change, in particular the
gradient of ¢ will remain to be zero. Since the condensate
described by the macroscopic wave function is charged its
velocity under these conditions will be

e

Vs = ch. (4)
Rotating the normal part of the system (the ions and those
electrons not being part of the condensate) with the ve-
locity w X r amounts to creating a normal current j,. If
the condensate would not rotate together with the normal
fraction, large magnetic fields would result. To minimize
the total free energy the contribution of the magnetic field
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must be limited; to achieve this the condensate will rotate
with the same velocity as the normal fraction in the bulk,
such that the total current density vanishes there. The
condition

vy =w X r (in the bulk)

(5)

together with equation (4) results in the vector potential

(6)

me
A=—wxr,
e

which leads to the value of magnetic field given in equa-
tion (1). The necessary currents to create this field are
flowing in a surface layer only, where the velocity of the
normal part and the superconducting velocity vy are dif-
ferent (details about these surface currents will be given
later). To finish these qualitative arguments we remark
that the bare mass m appears in the expressions for vec-
tor potential A and magnetic field B, since the velocity
v contains the bare mass and not some effective mass.
Later on we will encounter an effective mass when dis-
cussing the details of the surface currents [3]. High pre-
cision measurements of the London field have been car-
ried out aiming to determine relativistic corrections to
the “Cooper pair mass” [4] in niobium. The experimental
result, however, disagreed in order of magnitude and sign
(1) with theoretical predictions. The cause for this discrep-
ancy is still unclear [5]. Recently the energy of magnetic
vortices in rotating superconductors has been discussed in
relation to the astrophysical subject of rotating neutron
stars [6], where the nuclear equations of state suggest the
possibility of the condensation of protons to Cooper pairs
and protonic superconductivity. In the following chapters
Ginzburg-Landau equations for superconductors under ro-
tation will be derived.

2 Free energy functional

The objective is to derive an appropriate expression for
the free energy of a superconductor under rotation and
obtain the Ginzburg—Landau equations through variation
with respect to order parameter 1) and vector potential A.
First we have to clarify what is the physical constraint
to be implemented to correctly describe the meaning of
“under rotation”. For the normal (= nonsuperconduct-
ing) state we can take the following view: We want to de-
scribe explicitly only the normal Fermi liquid of electrons,
which is contained in a “reservoir” of ions rotating with a
given angular velocity w. The rotation of the ions will drag
along the normal Fermi liquid through friction forces and
impose to them the angular velocity w as well. The appro-
priate thermodynamic potential then can be obtained in
the usual way from an effective Hamiltonian H.g, defined
in the rotating frame of reference

2 = —kpT - In(Trexp(—BHeg)). (7)
Neglecting centrifugal forces and distortions of the lattice
the effect of rotation is expressed in Heg by an additional

apparent vector potential [6]:

mc
Arot = *?w XT.

(8)
On the phenomenological level this amounts to the fol-
lowing. Let Fy be the free energy in the fixed system of
coordinates (“laboratory frame”); the subscript 0 refers to
the normal state, i.e. for vanishing superconducting order
parameter . The natural variable for Fy besides temper-
ature 7" and volume V' is the angular momentum L [7]. In
the following the discussion will be restricted to constant
volume V. The appropriate thermodynamic potential at
given angular velocity w is obtained via a Legendre trans-
formation

dFy = —SdT + wdL,
dGy = —SdT — Ldw.

Go :FO — W L,
)

For the construction of the free energy density in the su-
perconducting state we use the notion of ¥ being a macro-
scopic wavefunction for Cooper pairs, with charge den-
sity ps,c and bare mass density ps m:

Ps,c = *2€|1/)|27 Ps,;m = 2m|1/)|2 .

The rest of the conduction electron system (we will call it
the normal part) has mass density py, , and charge density
Pn,c; the ionic charge density is pr ., its current density jr.
We imply local charge neutrality:

(10)

(1)

Below we will use the kinetic energy and the angular
momentum of the normal part:

Pn,c + Ps,c = PI1-

1
En,kin :/Epn,mvi dV,

L, = /pnﬁmr X v, dV. (12)
v, is the velocity of the normal fraction. In the supercon-
ducting state the constraint of given angular velocity w
applies to the normal fraction of the system only: The
ionic velocity vi = w X r is controlled externally. Through
friction forces the ions impose the same velocity to the
normal fraction of the electronic system:

(13)

Vnp = VI.

The velocity distribution of the superconducting fraction
will then follow from the minimization of the potential
to be formulated, containing kinetic energy of the super-
conducting part, magnetic field energy, and the electro-
magnetic coupling to the normal fraction and ions. This
superconducting velocity distribution will not necessarily
be identical to that of the normal fraction as illustrated
in Figures 1 and 2:

Already Maxwell’s equation will impose an equation
of the type

)\2~Vxh:f(?v¢+A7%wxr). (14)
e e
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Fig. 1. The ratio of the internal magnetic field h to the hy-
pothetical London field (Bz = 2mc/ew) as a function of the
distance z from the center of the cylinder. R is the radius.
v = (R/\)?, where ) is the penetration depth.

0.2

Its solution for the geometry of long rotating cylinders,
vanishing external magnetic field, and ideal “London field”
(given by Eq. (1)) smaller than H,.; (implying V¢ = 0) are
plotted: Figure 1 shows the ratio of the physical magnetic
fields to the hypothetical “London field” as a function of
distance from the center of the cylinder for different values
of A/R, where R is the radius. Only for small A does the
true field really reach the “London field” in the interior
of the cylinder, whereas for A/R of order 1 and smaller
the resulting fields are much smaller throughout and as a
consequence the velocity of the superconducting fraction
(Eq. (4)) becomes much smaller than that of the normal
fraction (as shown in Fig. 2).

For the construction of the thermodynamic potential
we start from the free energy F' written as the sum of the
following contributions:

F = Fo0+ Econd + Enxin + Esxin + Ew + En.  (15)
The different terms are:

Fy,0 is the free energy in the normal state without rotation.
FEcong is the condensation energy taken in its usual form:

Euona = [ (alof? + 1w av. (16)

E,, xin is the additional kinetic energy of the normal part
due to rotation (Eq. (12)). Es kin is the kinetic energy of
the superconducting fraction; using the macroscopic wave
function v this has the form

1 h 2e
Es xin = <¢|R(TV + ?A)2|¢>
1

— [ oGV Eappav.

4m

In the kinetic energy operator the bare mass m appears.

Ew is an interaction energy of the superconducting
fraction with the rest of the system: For small velocities
this should be proportional to the square of the relative

v=_0.1
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z/R

Fig. 2. The ratio of the superconducting velocity vs to the
ionic velocity vr as a function of the distance  from the center
of the cylinder.

velocities between superconducting and ionic part:
2
Ew = ym(|(vs —vi)°[¢)

h 2
_ /ﬁ (V+ fA —2m(w x ))yF v, (18)

v is a material dependent parameter, it will be responsi-
ble for the introduction of a material dependent effective
mass m* into the problem [3].

E), is the energy of the magnetic field:

h2
Eh:/—dV.
8

Now the transformation from free energy F' to thermody-
namic potential G: There are two constraints to be im-
plemented: The first concerns the kinetic energy of the
normal fraction, the second the magnetic field.

The angular velocity of the normal fraction must be
identical to the ionic velocity (Eq. (13)), this constraint
leads to a term —w - L,. The formal procedure is con-
tained in the following arguments: For normal systems
Gy = Fy — wL is the thermodynamic potential: The free
energy Fy, which is increased by finite kinetic energy due
to rotation, has to be at a minimum under the additional
constraint, that the angular velocity is equal to w, imposed
to the system due to the coupling to the “reservoir”. For-
mally we might view the term —wL as resulting from the
constraint being imposed through a Lagrange parameter,
the physical significance of the Lagrange parameter being
the total angular momentum. The explicit coupling to the
“reservoir” is not specified in the thermodynamic descrip-
tion, the only condition being that this coupling fixes the
angular velocity. For the specific system of a normal Fermi
liquid the coupling would be due to friction forces between
the “reservoir” (conmsisting of ions) and the electrons, re-
sulting in identical velocities of electrons and “reservoir”
in equilibrium.

In the presence of superconductivity expressed through
the additional thermodynamic variable ¢ the description
becomes more detailed. The interaction of that part of the

(19)
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system which is described by v to the rest of the system is
contained explicitly in our thermodynamic potential: This
coupling is through electromagnetic forces, the magnetic
field energy and the coupling of ¥ to the magnetic field
(through the charge) are described explicitly in the formu-
lation of the free energy. Friction forces between ¢ and the
rest of the system do not exist and the angular velocity
of the superconducting fraction is not required to be iden-
tical to that of the rest of the system (as demonstrated
explicitly in the figures). The constraint to be imposed
refers to the normal part of the system only: Finite veloc-
ity vi of the ions (which constitute our “reservoir”) fixes
the velocity v, of the normal part of the electronic sys-
tem only. Formally this results in the term —wL,, in the
thermodynamic potential. Again we might view this term
to result from a constraint imposed through a Lagrange
parameter (— [ v, - 'Y dV). The physical significance of
the Lagrange parameter Y is obtained by requiring that
the derivative of (F — [v, -Y dV) with respect to v,
vanishes, which leads to

/vn-YdVZw-Ln. (20)
What enters is the angular momentum of the normal frac-
tion only and not the total angular momentum. The an-
gular velocity of the superconducting fraction, its spatial
variation, as well as the spatial variations of ¢ and mag-
netic field h, will result from an optimization of kinetic
energy, magnetic field energy, and condensation energy
contained explicitly in the free energy.

Furthermore we have to make the transition from the
variable magnetic induction B (which is the average of h)
to the natural variable H, where V x H = 47”.]. J is
the current density which is controlled externally, for our
problem this is the ionic current density ji. Further contri-
butions to J can be those external currents, which create
an externally applied field (if present), in this paper we
discuss examples only where no external field is applied.
What is slightly unusual here is that the ionic currents
which are controllable “externally” (contributing to the
field H) are actually flowing inside the sample.

We obtain the potential G:

h-H
—F-w-L,— [ ——aV. 21
G w / Hav. (21)
This may also be written as:
G(T,V,w) = GO(T,V,w)+/m|¢|2(w )2 dV
h?-2h-H
+/(oz|w|2 + §|w|4) clv+/Q av
2 8m
1 2
+ /— v 4 2 Ay av
Im i c

g2 2
+/4m(iv+ CA — 2m(w x )yl V.

(22)

Gy is the thermodynamic potential in the normal state
(see Eq. (9)).

3 Ginzburg-Landau equations

To obtain the Ginzburg-Landau equations, variations with
respect to A and v are performed. The equation obtained
from the variation with respect to A takes the form

. Vxh he N "
3= Tm7e = e VY - UIY)
+ P2 A  2mw xT), (23)

where the effective mass m* has been defined
_m
1+

*

(24)

The equation for the current has the required form of
equation (14). The material dependent parameter -~y
affects the characteristic magnetic length A (London
penetration depth) but not the parameter bare m, which
appears in the value of the London field (the bare m
appears inside the bracket of the last term on the right
hand side of equation (23). Relativistic corrections are
not considered in this paper.

The equation obtained through variation with respect
to ¢ (the “first G-L equation”) is

h
(0t mlew x 020+ B+ (0w + 2 Ay
h
2ty 2—c€A —om(w x 1)) = 0. (25)

An equivalent form for this equation is

h
b+ B9 + (w0 x ¥) (29 + ZZAYy

! (EV + %A —2m(w x r))%yY = 0.

+4m* i c

(26)

The existence of the third term on the left hand side of
equation (26) is a direct result of equation (20): It was
shown there that the transformation from free energy F' to
thermodynamic potential G for superconductors contains
the term w - L, and not the full angular momentum L, as
would be the case for a normal system. As a consequence
the formal equivalence of rotation and magnetic field, as
partly still contained in the forth term of the left hand
side of equation (26), is partly lifted for superconductors.
If instead of L,, the full L is used the third term on the left
hand side would be absent, the Ginzburg-Landau equation
would recover the form used in an early publication of
Verkin and Kulik [8].

4 Consequences
Let us first consider a bulk cylinder of radius R large com-

pared to the London penetration depth A, rotating at an
angular velocity w small enough such that the resulting
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field B is smaller than the lower critical field H,,. For this
situation the macroscopic wave function ¢ remains essen-
tially “stiff” (= unaltered from its value at vanishing w),
corrections being of negligible importance for the solution
to the current equation (23). The term containing the gra-
dient of the phase ¢ of the order parameter v vanishes and
the current equation takes the simple form

1 2mc
where the length X is given by
1 dme? |)?
Rl . 2
A2 2 m* (28)

For vanishing externally applied field the transition from
vanishing field at the surface towards the internal field
B = w 2mec/e occurs within the characteristic length A:
Using cylindrical coordinates (z being the distance from
the axis of the cylinder, and z the coordinate along the
axis), h has only a z-component depending on ¢, where
t = x/R. The solution is given in terms of the modified
Bessel function Ij:

_ 2me Lh(Vv) — L(Vt)
e Io(Vv) ’

where v = (R/\)2. The solutions for various values of R/\
are plotted in Figure 1. For R/ large the field increases
approximately in exponential fashion from zero at the sur-
face towards the London field w 2mc/e in the bulk:

ha(t)

(29)

z— R _ 2me

).

h ~ (1 — exp(
e

(30)

The physical interpretation is straightforward: whereas in-
side the bulk the velocities of the normal and supercon-
ducting fractions are equal and hence the total current
density vanishes, the velocities differ in the surface layer.
There the superconducting fraction lags behind the nor-
mal one and the total current density is finite. Starting
from zero at the surface the magnetic field h increases to-
wards its bulk value over the characteristic length A, just
in the same way as the total current density (proportional
to v, — vg) drops from its maximal value at the surface
towards zero in the bulk.

A final remark concerning the length A: It contains
the ratio |¢|?/m*, with the material dependent effective
mass m*, different from the bare mass m (there had been
some confusion about this distinction in some early papers
on the London field, which was cleared up in Ref. [3]),
whereas the bare mass appears in the London field B.
As a consequence, a measurement of A\ does not fix the
scale of 1), since this measures only a ratio, which contains
another material dependent parameter.

As a second example we discuss the geometry of the
“Little and Parks Experiment” [9,10]. We consider a thin-
walled superconducting cylinder: A thin film of supercon-
ducting material of thickness d is deposited on a cylinder
of normal material of radius R, with d < R. Let us fur-
ther restrict the discussion to the situation where d is also

small compared to A as well as coherence length £ (the sit-
uation discussed by de Gennes [10]). The current equation
takes the form

2
j= _n‘; W2(hV $ + ;A —2mw xR).  (31)
The superconducting velocity vg now is
1 2e
= —(hVo + A, 32
v = 5 (1Y + 2 A) (32)
and equation (31) takes the form
. 2me
j=-— WP (vs —w x R). (33)
m
The first Ginzburg-Landau equation becomes
(@ +2mvs - (w x R))Y + Bly o
2
+ @(vs —wx R =0. (34)

m

In contrast to the Little and Parks experiment, where an
external magnetic field is applied, here we have finite ro-
tational velocity. In the former case special values of mag-
netic fields — corresponding to integer multiples of mag-
netic flux through the cylinder — existed for which the
quantized integral of V¢ around the perimeter lead to
vanishing velocity vg. For these special magnetic field val-
ues the transition temperature T. was unchanged, while
for intermediate fields vy was finite and 7T, suppressed, T,
became a periodic function of magnetic flux. For the ef-
fect to be observable the radius had to be small, since v,
is proportional to 1/R.

Now for finite w and vanishing external field again
there will be special values of rotational frequency w,,:

hn

~ 9mR?’ (35)

Wn
where the integer n is given by de) -dl = 2mn. For
these special values wy,, (vs — w, X R) vanishes, there is
no current and no magnetic field. For intermediate values
of w finite currents exist resulting in finite magnetic flux
(the scenario studied in the high precision experiment of
reference [4]).

We obtain a dependence of T, on rotational frequency:
For w = w,, the last term on the left hand side of equa-
tion (34) vanishes. Equation (34) predicts a lowering of T,
due to the additional term 2mv, - (w,, x R) = 2mw? R?.
An estimate for the order of magnitude of this effect: for
w/27 of order 10?2 s71 and R of order 0.1 m a shift in
transition temperature of order 0.1 K is obtained for tin
(Sn, that was the material of the original Little and Parks
experiment [9] and direct comparison can be made): the
effect should be observable.

A further remark concerning intermediate values of w:
Although in principle 7. according to equation (34) should
be a periodic function of frequency due to the last terms
on the left hand side, the amplitudes of these oscillations
are too small for observation.
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Higher order correctionsin d/\ , d/¢§, A/R, /R will 3.
not be discussed in this paper. These, however, should be 4.

considered for a reanalysis of the high precision experi-

ment [4]: including these corrections might reconcile ex- 5.

periment and theory.
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